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Abstract

This paper is concerned with boundary value problems of impulsive di�erential systems

on whole lines with nonlinear di�erential operators. By constructing a weighted Banach space

and de�ning a nonlinear operator, using the Schauder's �xed point theorem and Schaefer's

�xed point theorem, su�cient conditions to guarantee the existence of at least one positive

solution are established. An example is given to illustrate the main results.
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Resumen

Este artículo está interesado en problemas con valores en la frontera para sistemas diferen-

ciales con impulso sobre la linea recta con operadores diferenciales no lineales. Construyendo

un espacio de Banach ponderado y de�niendo un operador no lineal, usando el teorema del

punto �jo de Schauder y el teorema del punto �jo de Schaefer, se establecen condiciones

su�cientes para garantizar la existencia de al menos una solución positiva. Se da un ejemplo

para ilustrar los principales resultados.
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1 Introduction

Boundary value problems for second order ordinary di�erential equations (ODEs) were initiated

by Il'in and Moiseev [25] and studied by many authors, see the text books [20, 27], the papers

[14, 16, 33] and the references therein.

The asymptotic theory of ordinary di�erential equations is an area in which there is great

activity among a large number of investigators since it has many applications in real world

applications [21, 22, 23, 24, 9]. In this theory, it is of great interest to investigate, in particular,

the existence of solutions with prescribed asymptotic behavior, which are global in the sense that

they are solutions on the whole line. The existence of global solutions with prescribed asymptotic

behavior is usually formulated as the existence of solutions of boundary value problems on the

whole line.

In [13], the existence and multiplicity of nonnegative solutions for the following integral bound-

ary value problem on the whole line were studied:

(p(t)x′(t))′ + λq(t)f(t, x(t), x′(t)) = 0, t ∈ R,

a1 lim
t→−∞

x(t)− b1 lim
t→−∞

p(t)x′(t) =
∫∞
−∞ g1(s, x(s), x′(s))ψ(s)ds,

a2 lim
t→+∞

x(t) + b2 lim
t→+∞

p(t)x′(t) =
∫∞
−∞ g2(s, x(s), x′(s))ψ(s)ds,

(1.1)

where λ > 0 is a parameter, f, g1, g2 ∈ C(R × [0,∞) × R, [0,+∞)), q, ψ ∈ C(R, (0,+∞)) and

p ∈ C(R, (0,+∞)) ∩ C1(R). Here, the values of
∫ +∞
−∞ gi(s, x(s), x′(s))ds (i = 1, 2),

∫ +∞
−∞

ds
p(s)

and sups∈R ψ(s) are �nite and a1 + a2 > 0, bi > 0 (i = 1, 2) satisfying D = a2b1 + a1b2 +

a1a2

∫ +∞
−∞

ds
p(s) > 0.

In recent years, many authors have studied the existence of positive radial solutions for ellip-

tic systems in annular/exterior domains, which is equivalent to that of positive solutions for the

corresponding systems of ordinary di�erential equations (see [11, 30, 19, 18, 10, 29] and the refer-

ences therein). The usual method used is the �xed point theorems of cone expansion/compression

type, the upper and lower solutions method and the �xed point index theory in cones.

In [28, 12], the following system and its special case were discussed:

[φp(u
′(t))]′ + λh1(t)f(t, u(t), v(t)) = 0, t ∈ (0, 1),

[φp(v
′(t))]′ + µh2(t)g(t, u(t), v(t)) = 0, t ∈ (0, 1),

u(0) = a ≥ 0, v(0) = b ≥ 0, u(1) = v(1) = 0,

(1.2)

where φp(x) = |x|p−2x, p > 1, λ, µ are nonnegative real parameters, hi ∈ C((0, 1), (0,∞)), i = 1, 2,

f, g ∈ C([0,∞) × [0,∞), [0,∞)), hi may be singular at t = 0 and f(0, 0) = g(0, 0) = 0 and

f(u, v) > 0, g(u, v) > 0 for all (u, v) > (0, 0). The existence, nonexistence and multiplicity of
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positive solutions for (1.1) were obtained by using the upper and lower solution method and the

�xed point index theorem.

Theory of impulsive di�erential equations describes processes which experience a sudden

change of their state at certain moments. Processes with such a character arise naturally and

often, for example, phenomena studied in physics, chemical technology, population dynamics,

biotechnology and economics. For an introduction of the basic theory of impulsive di�erential

equation, we refer the reader to [26].

In [32], Liu studied the existence of solutions of the following boundary value problem for

second order impulsive di�erential system on the whole line with Dirichlet boundary conditions

[ρ(t)Φp(x
′(t))]′ + f(t, x(t), y(t)) = 0, a.e. t ∈ R,

[%(t)Φq(y
′(t))]′ + g(t, x(t), y(t)) = 0, a.e. t ∈ R

lim
t→+∞

x(t) = 0, lim
t→−∞

x(t) = 0, lim
t→+∞

y(t) = 0, lim
t→−∞

y(t) = 0,

∆x(tk) = Ik(tk, x(tk), y(tk)), ∆y(tk) = Jk(tk, x(tk), y(tk)), k ∈ Z,

(1.3)

where ρ, % ∈ C0(R, [0,∞)), ρ(t), %(t) > 0 for all t ∈ R with

∫ +∞
−∞

ds
ρ(s) < +∞,

∫ +∞
−∞

ds
%(s) < +∞, (1.4)

Φp(x) = |x|p−2x and Φq(x) = |x|q−2x are one-dimensional p-Laplacian, f, g de�ned on R3 are

Carathéodory functions, · · · < tk < tk+1 < tk+2 < · · · with

lim
k→−∞

tk = −∞, lim
k→+∞

tk = +∞,

∆x(tk) = x(t+k )− x(t−k ) and ∆y(tk) = y(t+k )− y(t−k )(k ∈ Z), {Ik}, {Jk} with Ik, Jk : R3 → R(k ∈
Z) are discrete Carathéodory sequences.

This paper is a continuation of [32]. We consider the existence of positive solutions of the

following boundary value problem for second order di�erential system on the whole line with
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mixed boundary conditions with impulse e�ects:

[Φ(ρ(t)x′(t))]′ + p(t)f(t, y(t), y′(t)) = 0, a.e. t ∈ R,

[Ψ(%(t)y′(t))]′ + q(t)g(t, x(t), x′(t)) = 0, a.e. t ∈ R

lim
t→−∞

x(t) = 0, lim
t→+∞

ρ(t)x′(t) = 0,

lim
t→−∞

y(t) = 0, lim
t→+∞

%(t)y′(t) = 0,

∆x(ts) = A0,sI0(ts, y(ts), y
′(ts)), ∆Φ(ρ(ts)x

′(ts)) = A1,sI1(ts, y(ts), y
′(ts)), s ∈ Z,

∆y(ts) = B0,sJ0(ts, x(ts), x
′(ts)), ∆Ψ(%(ts)y

′(ts)) = B1,sJ1(ts, x(ts), x
′(ts)), s ∈ Z,

(1.5)

where

(a) ρ, % ∈ C0(R, [0,+∞)) with∫ 0

−∞
ds
ρ(s)ds < +∞,

∫ +∞
0

ds
ρ(s)ds = +∞,

∫ 0

−∞
ds
%(s)ds < +∞,

∫ +∞
0

ds
%(s)ds = +∞,

(1.6)

(b) p, q ∈ C0(R, (0,∞)) with∫ +∞
0

p(s)ds < +∞,
∫ 0

−∞ p(s)ds = +∞,

∫ +∞
0

q(s)ds < +∞,
∫ 0

−∞ q(s)ds = +∞,
(1.7)

(c) Φ(x) = Φp1
(x) = |x|p1−2x and Ψ(x) = Φp2

(x) = |x|p2−2x are one-dimensional p-

Laplacians, their inverse operator are de�ned by Φ−1 and Ψ−1, respectively, with Φ−1(x) =

|x|q1−2x and Ψ−1(x) = |x|q2−2x, 1
pi

+ 1
qi

= 1,

(d) f de�ned on R3 strongly %-Carathéodory function (see De�nition 2.1), g de�ned on

R3 strongly ρ-Carathéodory function (see De�nition 2.2), f, g are nonnegative functions, and

[p(t)f(t, 0, 0)]2 + [q(t)g(t, 0, 0)]2 > 0 on each subinterval of R,
(e) · · · < tk < tk+1 < tk+2 < · · · with lim

k→−∞
tk = −∞, lim

k→+∞
tk = +∞, ∆x(tk) =

x(t+k ) − x(t−k ) and ∆y(tk) = y(t+k ) − y(t−k )(k ∈ Z), ∆x′(tk) = x′(t+k ) − x′(t−k ) and ∆y′(tk) =

y′(t+k )− y′(t−k )(k ∈ Z),

(f) I0, I1 : {ts : s ∈ Z}×R2 → R are discrete %−Carathéodory functions (see De�nition 2.3),

J0, J1 : {ts : s ∈ Z} × R2 → R is a discrete ρ−Carathéodory function (see De�nition 2.4), I0, J0

are nonnegative functions, I1, J1 are non-positive functions,

Divulgaciones Matemáticas Vol. 17 No. 1(2016), pp. 46�75



50 Yuji Liu

(g) A0,s, A1,s, B0,s, B1,s ≥ 0 satisfy

s∑
j=−∞

A0,j < +∞,
s∑

j=−∞
B0,j < +∞, s ∈ Z,

lim
s→+∞

A0,s∫ ts
ts−1

ds
ρ(s)

= lim
s→+∞

B0,s∫ ts
ts−1

ds
%(s)

= 0,

+∞∑
j=s

A1,j < +∞,
+∞∑
j=s

B1,j < +∞, s ∈ Z,

lim
s→−∞

A1,s∫ ts+1
ts

p(s)ds
= lim
s→−∞

B1,s∫ ts+1
ts

q(s)ds
= 0.

The purpose of this paper is to establish su�cient conditions for the existence of at least one

positive solution of BVP(1.5). The technical tool used in this paper is the well known Schauder

�xed point theorem. For applying this theorem, the most crucial things are to construct a

nonlinear operator and to prove the compactness property of the nonlinear operator. Since

the problem is considered on whole line, we need to show the equi-continuous properties of the

image of a bounded set on each sub intervals (there are in�nitely many sub intervals), the equi-

convergence as t → ti(i = 0,±1,±2, . . . ) and the equi-convergence as t → −∞ and as t → +∞.

One sees from (1.6) that both 1
ρ and 1

% are not measurable on R while (1.4) tells us both 1
ρ and

1
% are measurable on R. So this paper is a continuation of [32]. Furthermore, (1.7) makes both

the nonlinearities t → p(t)f(t, u, v) and t → q(t)g(t, u, v) be non-Carathéodory functions. An

example is presented to show us that the main results in this paper are interesting.

By a solution of BVP(1.5) we mean a couple of functions (x, y) with x, y ∈ C1(tk, tk+1](k ∈ Z)

such that both

Φ(ρx′) : t→ Φ(ρ(t)x′(t)) and Ψ(%y′) : t→ Ψ(%(t)y′(t))

are derivative on each interval (tk, tk+1](k ∈ Z), and the limits

lim
t→−∞

x(t), lim
t→−∞

y(t), lim
t→+∞

ρ(t)x′(t) and lim
t→+∞

%(t)y′(t)

exist, and all equations in (1.5) are satis�ed. We call (x, y) a positive solution of BVP(1.5) if

(x, y) is a solution of BVP(1.5) and [x(t)]2 + [y(t)]2 > 0 for all t ∈ R.
The remainder of this paper is organized as follows: the preliminary results are given in

Section 2, the main results are presented in Section 3. An example is given in Section 4.

2 Preliminary Results

In this section, we present some background de�nitions. The preliminary results are given too.
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Denote
σ0(t) = 1 +

∫ t
−∞

du
ρ(u) , σ1(t) = 1 +

∫ +∞
t

p(s)ds,

τ0(t) = 1 +
∫ t
−∞

du
%(u) , τ1(t) = 1 +

∫ +∞
t

q(s)ds.

De�nition 2.1. h : R× R× R→ R is called a strongly %−Carathédory function if it satis�es

(i) t→ h
(
t, τ0(t)u, Ψ−1(τ1(t))

%(t) v
)
is measurable on R and for each r > 0

lim
t→−∞

h
(
t, τ0(t)u, Ψ−1(τ1(t))

%(t) v
)

= 0 uniformly for all |u|, |v| ≤ r.

(ii) (u, v)→ h
(
t, τ0(t)u, Ψ−1(τ1(t))

%(t) v
)
is continuous for a.e. t ∈ R.

(iii) For each r > 0, there exists nonnegative number Mr ≥ 0 such that |u|, |v| ≤ r implies∣∣∣h(t, τ0(t)u, Ψ−1(τ1(t))
%(t) v

)∣∣∣ ≤Mr, t ∈ R.

De�nition 2.2. h : R× R× R→ R is called a strongly ρ−Carathédory function if it satis�es

(i) t→ h
(
t, σ0(t)u, Φ−1(σ1(t))

ρ(t) v
)
is measurable on R and for each r > 0

lim
t→−∞

h
(
t, σ0(t)u, Φ−1(σ1(t))

ρ(t) v
)

= 0 uniformly for all |u|, |v| ≤ r.

(ii) (u, v)→ h
(
t, σ0(t)u, Φ−1(σ1(t))

ρ(t) v
)
is continuous for a.e. t ∈ R.

(iii) For each r > 0, there exists nonnegative number Mr ≥ 0 such that |u|, |v| ≤ r implies∣∣∣h(t, σ0(t)u, Φ−1(σ1(t))
ρ(t) v

)∣∣∣ ≤Mr, t ∈ R.

De�nition 2.3. K : {ts : s ∈ Z} × R× R→ R is called a discrete %−Carathédory function if it

satis�es

(i) (u, v)→ K
(
ts, τ0(ts)u,

Ψ−1(τ1(ts))
%(ts)

v
)
is continuous for all s ∈ Z.

(ii) For each r > 0, there exists nonnegative constants Nr ≥ 0 such that |u|, |v| ≤ r implies∣∣∣K (ts, τ0(ts)u,
Ψ−1(τ1(ts))

%(ts)
v
)∣∣∣ ≤ Nr for all s ∈ Z.

De�nition 2.4. H : {ts : s ∈ Z} × R × R → R is called a discrete ρ-Carathédory function if it

satis�es

(i) (u, v)→ H
(
ts, σ0(ts)u,

Φ−1(σ1(ts))
ρ(ts)

v
)
is continuous for all s ∈ Z.

(ii) For each r > 0, there exists nonnegative constants Nr ≥ 0 such that |u|, |v| ≤ r implies∣∣∣H (ts, σ0(ts)u,
Φ−1(σ1(ts))

ρ(ts)
v
)∣∣∣ ≤ Nr for all s ∈ Z.
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De�nition 2.5. [17]. Let E be Banach spaces. An operator T : E → E is completely continuous

if it is continuous and maps bounded sets into relatively compact sets.

Lemma 2.1. (i) [Schauder][17]: Let X be a Banach space and Ω ⊂ X a nonempty, bounded,

open and convex subset of X centered at zero point. Let T : Ω → X be a completely

continuous operator with T (Ω) ⊂ Ω. Then T has a �xed point in Ω.

(ii) [Schaufer][17]: Let X be a Banach space and T : Ω → X be a completely continuous

operator with Ω = {x ∈ X : x = λTx for some λ ∈ [0, 1]} is bounded. Then T has a �xed

point in Ω.

De�ne

X =


x :

x(ts,ts+1] ∈ C0(ts, ts+1], s ∈ Z,
x′(ts,ts+1] ∈ C

0(ts, ts+1], s ∈ Z,
the following limits exist:

lim
t→t+s

x(t), lim
t→t+s

ρ(t)x′(t), s ∈ Z,

lim
t→±∞

x(t)
σ0(t) , lim

t→±∞
ρ(t)x′(t)

Φ−1(σ1(t))


and

Y =


y :

y(ts,ts+1] ∈ C0(ts, ts+1], s ∈ Z,
y′(ts,ts+1] ∈ C

0(ts, ts+1], s ∈ Z,
the following limits exist:

lim
t→t+s

y(t), lim
t→t+s

%(t)y′(t), s ∈ Z,

lim
t→±∞

y(t)
τ0(t) , lim

t→±∞
%(t)y′(t)

Ψ−1(τ1(t))


.

For x ∈ X, de�ne ||x|| = ||x||X = max

{
sup
t∈R

|x(t)|
σ0(t) , sup

t∈R

ρ(t)|x′(t)|
Φ−1(σ1(t))

}
. For y ∈ Y , de�ne

||y|| = ||y||Y = max

{
sup
t∈R

|y(t)|
τ0(t) , sup

t∈R

%(t)|y′(t)|
Ψ−1(τ1(t))

}
.

Lemma 2.2. Suppose that
∫ t
−∞

Φ−1(σ1(s))
ρ(s) ds is convergent. Then X is a Banach space with the

norm || · ||X and Y a Banach space with the norm || · ||Y . E = X × Y is also a Banach space

with the norm ||(x, y)|| = max{||x||X , ||y||Y } for (x, y) ∈ X × Y .

Proof. In fact, it is easy to see that X is a normed linear space. Let {xn} be a Cauchy sequence

in X. Then ||xm − xn|| → 0, m, n→ +∞. It follows that

sup
t∈R

|xm(t)−xn(t)|
σ0(t) → 0,m, n→ +∞,

lim
t∈R

ρ(t)|x′m(t)−x′n(t)|
Φ−1(σ1(t)) → 0,m, n→ +∞.
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So

sup
t∈(ts,ts+1]

|xm(t)−xn(t)|
σ0(t) → 0,m, n→ +∞, s ∈ Z,

∣∣∣∣ lim
t→±∞

xm(t)
σ0(t) − lim

t→±∞
xn(t)
σ0(t)

∣∣∣∣→ 0,m, n→ +∞,

lim
t∈(ts,ts+1]

ρ(t)|x′m(t)−x′n(t)|
Φ−1(σ1(t)) → 0,m, n→ +∞,

∣∣∣∣ lim
t→±∞

ρ(t)x′m(t)
Φ−1(σ1(t)) − lim

t→±∞
ρ(t)x′n(t)

Φ−1(σ1(t))

∣∣∣∣→ 0,m, n→ +∞.

Then both lim
n→+∞

lim
t→±∞

xn(t)
σ0(t) and lim

n→+∞
lim

t→±∞
ρ(t)x′n(t)

Φ−1(σ1(t)) exist. De�ne

x|[ts,ts+1](t) =

 lim
t→t+s

x(t), t = ts,

x(t), t ∈ (ts, ts+1],
x′|[ts,ts+1](t) =

 lim
t→t+s

x′(t), t = ts,

x′(t), t ∈ (ts, ts+1].

We know that t →
x|[ts,ts+1](t)

σ0(t) is continuous on [ts, ts+1](s ∈ Z). Thus t →
xn|[ts,ts+1](t)

σ0(t) is a

Cauchy sequence in C[ts, ts+1]. Then
xn|[ts,ts+1]

σ0(t) uniformly converges to some x0s in C[ts, ts+1]

as n→ +∞. Similarly
ρ(t)x′n|[ts,ts+1]

σ1(t) uniformly converges to some y0s in C[ts, ts+1] as n→ +∞.

De�ne

x0(t) = x0s(t), y0(t) = y0s(t), t ∈ (ts, ts+1], s ∈ Z.

Then x0, y0 are de�ned on R and is continuous on (ts, ts+1] and the limits lim
t→t+s

x0(t), lim
t→t+s

y0(t)(s ∈

Z) exist. Furthermore, we have lim
n→+∞

xn(t)
σ0(t) = x0(t) and lim

n→+∞
ρ(t)x′n(t)

Φ−1(σ1(t)) = y0(t) for every t ∈ R.

From sup
t∈R

|xm(t)−xn(t)|
σ0(t) → 0,m, n → +∞, let m → +∞, we get sup

t∈R

∣∣∣x0(t)− xn(t)
σ0(t)

∣∣∣ → 0 as

n→ +∞. So

lim
t→±∞

x0(t) = lim
t→±∞

lim
n±∞

xn(t)
σ0(t) = lim

n→±∞
lim

t→±∞
xn(t)
σ0(t)

exists.

Similarly we have sup
t∈R

∣∣∣y0(t)− ρ(t)x′n(t)
Φ−1(σ1(t))

∣∣∣→ 0 as n→ +∞. So

lim
t→±∞

y0(t) = lim
t→±∞

lim
n±∞

ρ(t)x′n(t)
Φ−1(σ1(t)) = lim

n→±∞
lim

t→±∞
ρ(t)x′n(t)

Φ−1(σ1(t))

exists.
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Since for some cn ∈ R we have for t ∈ (ts, ts+1] that∣∣∣∣xn(t)−
∑
ts<t

∆xn(ts)− cn −
∫ t
−∞

Φ−1(σ1(s))y0(s)
ρ(s) ds

∣∣∣∣
≤
∫ t
−∞

∣∣∣x′n(s)− Φ−1(σ1(s))y0(s)
ρ(s)

∣∣∣ ds
=
∫ t
−∞

Φ−1(σ1(s))
ρ(s)

∣∣∣ ρ(s)x′n(s)
Φ−1(σ1(s)) − y0(s)

∣∣∣ ds
≤
∫ t
−∞

Φ−1(σ1(s))
ρ(s) ds sup

t∈R

∣∣∣ ρ(t)x′n(t)
Φ−1(σ1(t)) − y0(t)

∣∣∣
→ 0 as n→ +∞.

So lim
n→+∞

[xn(t)−
∑
ts<t

∆xn(ts)− cn] =
∫ t
−∞

Φ−1(σ1(s))y0(s)
ρ(s) ds. Then

lim
n→+∞

(
σ0(t)x0(t)−

∑
ts<t

∆σ0(ts)x0(ts)− c0
)

=
∫ t
−∞

Φ−1(σ1(s))y0(s)
ρ(s) ds.

Hence Φ−1(σ1(t))y0(t)
ρ(t) = [σ0(t)x0(t)]′ for all t ∈ (ts, ts+1](s ∈ R).

So t→ σ(t)x0(t) is an element in X and xn → x0 as n→ +∞. We know that X is a Banach

space. Similarly we can prove that Y is a Banach space. So E = X × Y is a Banach space.

Lemma 2.3. Suppose that
∫ t
−∞

Φ−1(σ1(s))
ρ(s) ds is convergent. Then M ⊂ X is relatively compact

if and only if the following items valid:

(i) Both
{
t→ x(t)

σ0(t) : x ∈M
}
and

{
t→ ρ(t)x′(t)

Φ−1(σ1(t)) : x ∈M
}
are uniformly bounded.

(ii) Both
{
t→ x(t)

σ0(t) : x ∈M
}

and
{
t→ ρ(t)x′(t)

Φ−1(σ1(t)) : x ∈M
}

are equi-continuous on (ts, ts+1]

(s ∈ Z).

(iii) Both
{
t→ x(t)

σ0(t) : x ∈M
}
and

{
t→ ρ(t)x′(t)

Φ−1(σ1(t)) : x ∈M
}
are equi-convergent as t→ ±∞.

Proof. (⇐). From Lemma 2.2, we know X is a Banach space. In order to prove that the subset

M is relatively compact in X, we only need to show M is totally bounded in X, that is for all

ε > 0, M has a �nite ε-net.

Given x ∈M , for any given ε > 0, by (i)-(iii), there exist constants A > 0, δ > 0, and positive
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integer s0 such that ∣∣∣ x(u1)
σ0(u1) −

x(u2)
σ0(u2)

∣∣∣ ≤ ε
3 , u1, u2 ≤ t−s0 or u1, u2 ≥ ts0 ,∣∣∣ ρ(u1)x′(u1)

Φ−1(σ1(u1)) −
ρ(u2)x′(u2)
Φ−1(σ1(u2))

∣∣∣ ≤ ε
3 , u1, u2 ≤ t−s0 or u1, u2 ≥ ts0 ,

||x|| = max

{
sup
t∈R

|x(t)|
σ0(t) , sup

t∈R

ρ(t)x′(t)
Φ−1(σ1(t))

}
≤ A,

∣∣∣ x(u1)
σ0(u1) −

x(u2)
σ0(u2)

∣∣∣ ≤ ε
3 , u1, u2 ∈ (ts, ts+1], |u1 − u2| < δ, s = −s0,−s0 + 1, · · · , s0 − 1,

∣∣∣ ρ(u1)x′(u1)
Φ−1(σ1(u1)) −

ρ(u2)x′(u2)
Φ−1(σ1(u2))

∣∣∣ ≤ ε
3 , u1, u2 ∈ (ts, ts+1], |u1 − u2| < δ, s = −s0,−s0 + 1, · · · , s0 − 1.

De�ne X|[t−s0 ,ts0 ] =
{
x|[t−s0 ,ts0 ] : x ∈ X

}
. For x ∈ X|[t−s0 ,ts0 ], de�ne

||x||s0 = max

{
sup

t∈[t−s0 ,ts0 ]

|x(t)|
σ0(t) , sup

t∈[t−s0 ,ts0 ]

ρ(t)x′(t)
Φ−1(σ1(t))

}
.

Similarly to Lemma 2.2, we can prove that X[t−s0 ,ts0 ] is a Banach space with the norm || · ||s0 .
Let M |[t−s0 ,ts0 ] = {t → x(t), t ∈ [t−s0 , ts0 ] : x ∈ M}. Then M |[t−s0 ,ts0 ] is a subset of

X|[t−s0 ,ts0 ]. By Ascoli-Arzela theorem, we can know that M |[t−s0 ,ts0 ] is relatively compact in

X|[t−s0 ,ts0 ]. Thus, there exist x1, x2, · · · , xk ∈ M such that, for any x ∈ M , we have that there

exists some i = 1, 2, · · · , k such that

||x− xi||s0 = max

{
sup

t∈[t−s0 ,ts0 ]

|x(t)−xi(t)|
σ0(t) , sup

t∈[t−s0 ,ts0 ]

ρ(t)|x′(t)−x′i(t)|
Φ−1(σ1(t))

}
≤ ε

3 .

Therefore, for x ∈M , we have that

||x− xi||X = max

{
sup
t∈R

|x(t)−xi(t)|
σ0(t) , sup

t∈R

ρ(t)|x′(t)−x′i(t)|
Φ−1(σ1(t))

}

≤ max

{
sup
t≤t−s0

|x(t)−xi(t)|
σ(t) , sup

t∈[t−s0 ,ts0 ]

|x(t)−xi(t)|
σ(t) , sup

t≥ts0

|x(t)−xi(t)|
σ(t)

sup
t≤t−s0

ρ(t)|x′(t)−x′i(t)|
Φ−1(σ1(t)) , sup

t∈[t−s0 ,ts0 ]

ρ|x′(t)−x′i(t)|x
′(t)

Φ−1(σ1(t)) , sup
t≥ts0

ρ(t)|x′(t)−x′i(t)|
Φ−1(σ1(t))

}
.

We have that

sup
t≤t−s0

|x(t)−xi(t)|
σ0(t) ≤ sup

t≤t−s0

∣∣∣ x(t)
σ0(t) −

x(t−s0 )

σ0(t−s0 )

∣∣∣
+
∣∣∣ x(t−s0 )

σ0(t−s0 ) −
xi(t−s0 )

σ0(t−s0 )

∣∣∣+ sup
t≤t−s0

∣∣∣ xi(t−s0 )

σ0(t−s0 ) −
xi(t)
σ0(t)

∣∣∣ < ε
3 + ε

3 + ε
3 = ε.
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Similarly we can prove that

sup
t≤t−s0

ρ(t)x′(t)
Φ−1(σ1(t)) < ε, sup

t≥ts0

|x(t)−xi(t)|
σ0(t) < ε, sup

t≥ts0

ρ(t)|x′(t)−x′i(t)|
Φ−1(σ1(t)) < ε.

Then ||x− xi||X < ε.

So, for any ε > 0, M has a �nite ε-net {Ux1
, Ux2

, · · · , Uxk}, that is, M is totally bounded in

X. Hence M is relatively compact in X.

(⇒). Assume that M is relatively compact, then for any ε > 0, there exists a �nite ε-net of

M . Let the �nite ε-net be {Ux1 , Ux2 , · · · , Uxk} with xi ⊂ M . Then for any x ∈ M , there exists

Uxi such that x ∈ Uxi and

||x|| ≤ ||x− xi||+ ||xi|| ≤ ε+ max {||xi|| : i = 1, 2, · · · , k} .

It follows that {||x|| : x ∈M} is uniformly bounded. Then (i) holds.

Since the limit lim
t→t+s

x(t)
σ0(t) exists, then

x(t)
σ0(t) =

 lim
t→t+s

x(t)
σ0(t) , t = ts,

x(t)
σ0(t) , t ∈ (ts, ts+1]

ρ(t)x′(t)
Φ−1(σ1(t)) =

 lim
t→t+s

ρ(t)x′(t)
Φ−1(σ1(t)) , t = ts,

ρ(t)x′(t)
Φ−1(σ1(t)) , t ∈ (ts, ts+1]

are continuous on [ts, ts+1]. So for any ε > 0 there exists δ > 0 such that∣∣∣ xi(u1)
σ0(u1) −

xi(u2)
σ0(u2)

∣∣∣ < ε,

∣∣∣ ρ(u1)x′i(u1)
Φ−1(σ1(u1)) −

ρ(u2)x′i(u2)
Φ−1(σ1(u2))

∣∣∣ < ε,

for all u1, u2 ∈ [ts, ts+1] with |u1 − u2| < δ and i = 1, 2, · · · , k. Then for any ε > 0 there exists

δ > 0 such that ∣∣∣ xi(u1)
σ0(u1) −

xi(u2)
σ0(u2)

∣∣∣ < ε,

∣∣∣ ρ(u1)x′(u1)
Φ−1(σ1(u1)) −

ρ(u2)x′(u2)
Φ−1(σ1(u2))

∣∣∣ < ε,

for all u1, u2 ∈ (ts, ts+1] with |u1 − u2| < δ and i = 1, 2, · · · , k.
For x ∈ M , there exists a i such that x ∈ Uxi . Then we have for u1, u2 ∈ (ts, ts+1] (s ∈ Z)

with |u1 − u2| < δ that∣∣∣ x(u1)
σ0(u1) −

x(u2)
σ0(u2)

∣∣∣ ≤ ∣∣∣ x(u1)
σ0(u1) −

xi(u1)
σ0(u1)

∣∣∣+
∣∣∣ xi(u1)
σ0(u1) −

xi(u2)
σ0(u2)

∣∣∣+
∣∣∣ xi(u2)
σ0(u2) −

x(u2)
σ0(u2)

∣∣∣ ≤ 3ε.{
t→ x(t)

σ0(t) : x ∈M
}
is equicontinuous in (ts, ts+1]. Similarly we have

{
t→ ρ(t)x′(t)

Φ−1(σ1(t)) : x ∈M
}

is equicontinuous in (ts, ts+1]. It follows that (ii) holds.

Now we prove that (iii) holds. It is easily seen that there exists a positive integer s0 such

that ∣∣∣ xi(u1)
σ0(u1) −

xi(u2)
σ0(u2)

∣∣∣ < ε
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for all u1, u2 ≤ t−s0 , i = 1, 2, · · · , k. For x ∈M , there exists a i such that x ∈ Uxi . So∣∣∣ x(u1)
σ0(u1) −

x(u2)
σ0(u2)

∣∣∣ ≤ ∣∣∣ x(u1)
σ0(u1) −

xi(u1)
σ0(u1)

∣∣∣+
∣∣∣ xi(u1)
σ0(u1) −

xi(u2)
σ0(u2)

∣∣∣
+
∣∣∣ xi(u2)
σ0(u2) −

x(u2)
σ0(u2)

∣∣∣ ≤ 3ε, u1, u2 ≤ t−s0 .

Then
{
t→ x(t)

σ0(t) : x ∈M
}
is equi-convergent as t → −∞, similarly we can prove that is equi-

convergent as t → +∞ and
{
t→ ρ(t)x′(t)

Φ−1(σ1(t)) : x ∈M
}
are equi-convergent as t → ±∞. Hence

(iii) holds.

Lemma 2.4. Suppose that
∫ t
−∞

Ψ−1(τ1(s))
%(s) ds is convergent. Then M ⊂ Y is relatively compact if

and only if the following items valid:

(i) Both
{
t→ y(t)

τ0(t) : y ∈M
}
and

{
t→ %(t)y′(t)

Ψ−1(τ1(t)) : y ∈M
}
are uniformly bounded.

(ii) Both
{
t→ y(t)

τ0(t) : y ∈M
}

and
{
t→ %(t)y′(t)

Ψ−1(τ1(t)) : y ∈M
}

are equi-continuous on (ts, ts+1]

(s ∈ Z).

(iii) Both
{
t→ y(t)

τ0(t) : y ∈M
}
and

{
t→ %(t)y′(t)

Ψ−1(τ1(t)) : y ∈M
}
are equi-convergent as t→ ±∞.

Proof. The proof is similar to Lemma 2.3 and is omitted.

In the sequel, we suppose that
∫ t
−∞

Φ−1(σ1(s))
ρ(s) ds and

∫ t
−∞

Ψ−1(τ1(s))
%(s) ds are convergent.

Lemma 2.5. Suppose that y ∈ Y . Then u ∈ X is a solution of BVP

[Φ(ρ(t)u′(t))]′ + p(t)f(t, y(t), y′(t)) = 0, a.e. t ∈ R,

lim
t→−∞

u(s) = 0, lim
t→+∞

ρ(t)u′(s) = 0,

∆u(ts) = A0,sI0(ts, y(ts), y
′(ts)), s ∈ Z,

∆Φ(ρ(ts)u
′(ts)) = A1,sI1(ts, y(ts), y

′(ts)), s ∈ Z

(2.8)

if and only if

u(t) =
∑
ts<t

A0,sI0(ts, y(ts), y
′(ts))

+
∫ t
−∞

1
ρ(s)Φ−1

(∫ +∞
s

p(u)f(u, y(u), y′(u))du−
∑
tj≥s

A1,jI1(tj , y(tj), y
′(tj))

)
ds.

(2.9)

Proof. Fix y ∈ Y , then

||y|| = max

{
sup
t∈R

|y(t)|
τ0(t)

, sup
t∈R

%(t)|y′(t)|
Ψ−1(τ1(t))

}
= r < +∞.
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Since f is a strongly %−Carathéodory function, then there exists nonnegative number Mr ≥ 0

such that

lim
t→−∞

f (t, y(t), y′(t)) = lim
t→−∞

f
(
t, τ0(t) y(t)

τ0(t) ,
Ψ−1(τ1(t))

%(t)
%(t)y′(t)

Ψ−1(τ1(t))

)
= 0,

|f (t, y(t), y′(t)) | =
∣∣∣f (t, τ0(t) y(t)

τ0(t) ,
Ψ−1(τ1(t))

%(t)
%(t)y′(t)

Ψ−1(τ1(t))

)∣∣∣ ≤Mr, t ∈ R.

(2.10)

Furthermore, I0, I1 : {ts : s ∈ Z} × R2 → R are discrete %−Carathéodory functions, then there

exist nonnegative constants M0,r,M1,r ≥ 0 such that

|I0 (ts, y(ts), y
′(ts))| ≤M0,r, s ∈ Z,

|I1 (ts, y(ts), y
′(ts))| ≤M1,r, s ∈ Z.

(2.11)

Suppose that u ∈ X is a solution of (2.8). Then from the boundary conditions we get that

Φ(ρ(t)u′(t)) =
∫ +∞
t

p(r)f(r, y(r), y′(r))dr −
∑
tj≥t

A1,jI1(tj , y(tj), y
′(tj)), t ∈ R.

So

u′(t) = 1
ρ(t)Φ−1

(∫ +∞
t

p(r)f(r, y(r), y′(r))dr −
∑
tj>t

A1,jI1(tj , y(tj), y
′(tj))

)
.

It follows that

u(t) =
∑
ts<t

A0,sI0(ts, y(ts), y
′(ts))

+
∫ t
−∞

1
ρ(s)Φ−1

(∫ +∞
s

p(u)f(u, y(u), y′(u))du−
∑
tj≥s

A1,jI1(tj , x(tj), y(tj))

)
ds.

So u satis�es (2.9). We now prove that u ∈ X. In fact, we see that

u|(ts,ts+1], ρu′|(ts,ts+1] ∈ C0(ts, ts+1], s ∈ Z,

lim
t→t+s

u(t), lim
t→t+s

ρ(t)u′(t)(s ∈ Z) exist.

Now we prove that

lim
t→±∞

u(t)
σ0(t) = 0, lim

t→±∞
ρ(t)u′(t)

Φ−1(σ1(t)) = 0. (2.12)

Once sees for t ∈ (ts, ts+1] that

|u(t)|
σ0(t) ≤

M0,r

∑
ts<t

A0,s

1+
∫ t
−∞

du
ρ(u)

+

∫ t
−∞

1
ρ(s)

Φ−1

∫+∞
s

p(u)Mrdu+
∑
tj≥s

A1,jM1,r

ds
1+
∫ t
−∞

du
ρ(u)

≤M0,r

s∑
j=−∞

A0,j

1+
∫ ts
−∞

du
ρ(u)

+

∫ t
−∞

1
ρ(s)

Φ−1

∫+∞
s

p(u)Mrdu+
∑
tj≥s

A1,jM1,r

ds
1+
∫ t
−∞

du
ρ(u)

.
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Since

lim
s→+∞

s∑
j=−∞

A0,j

1+
∫ ts
−∞

du
ρ(u)

= lim
s→+∞

A0,s∫ ts
ts−1

du
ρ(u)

= 0,

lim
t→+∞

∫ t
−∞

1
ρ(s)

Φ−1

∫+∞
s

p(u)Mrdu+
∑
tj≥s

A1,jM1,r

ds
1+
∫ t
−∞

du
ρ(u)

= lim
t→+∞

Φ−1

(∫ +∞
t

p(u)Mrdu+
∑
tj≥t

A1,jM1,r

)
= 0,

then lim
t→+∞

u(t)
σ0(t) = 0. One sees for t ∈ [ts−1, ts) that

ρ(t)|u′(t)|
Φ−1(σ1(t)) ≤

Φ−1

(∫+∞
t

p(r)f(r,y(r),y′(r))dr+
∑
ts>t

A1,sM1,r

)
Φ−1(1+

∫+∞
t

p(s)ds)

= Φ−1

( ∫+∞
t

p(r)f(r,y(r),y′(r))dr

1+
∫+∞
t

p(s)ds
+M1,r

∑
ts>t

A1,s

1+
∫+∞
t

p(s)ds

)

≤ Φ−1

 ∫+∞
t

p(r)f(r,y(r),y′(r))dr

1+
∫+∞
t

p(s)ds
+M1,r

+∞∑
j=s

A1,j

1+
∫+∞
tj

p(s)ds

 .

Since

lim
t→−∞

∫+∞
t

p(r)f(r,y(r),y′(r))dr

1+
∫+∞
t

p(s)ds
= lim
t→−∞

f(t, y(t), y′(t)) = 0,

lim
s→−∞

+∞∑
j=s

A1,j

1+
∫+∞
tj

p(s)ds
= lim
s→−∞

A1,s

1+
∫ ts+1
ts

p(s)ds
= 0,

then lim
t→−∞

ρ(t)u′(t)
Φ−1(σ1(t)) = 0. It is easy to see from u(t) and ρ(t)u′(t) that lim

t→−∞
u(t)
σ0(t) = 0 and

lim
t→+∞

ρ(t)u′(t)
Φ−1(σ1(t)) = 0. Then u ∈ X.

On the other hand, if u satis�es (2.9), we can prove that u ∈ X is a solution of BVP(2.8)

easily.
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Lemma 2.6. Suppose that x ∈ X. Then v ∈ Y is a solution of BVP

[Ψ(%(t)v′(t))]′ + q(t)g(t, x(t), x′(t)) = 0, a.e. t ∈ R,

lim
t→−∞

v(s) = 0, lim
t→+∞

%(t)v′(t) = 0,

∆v(ts) = B0,sJ0(ts, x(ts), x
′(ts)), s ∈ Z,

∆Ψ(%(ts)v
′(ts)) = B1,sJ1(ts, x(ts), x

′(ts)), s ∈ Z

(2.13)

if and only if

v(t) =
∑
ts<t

B0,sJ0(ts, x(ts), x
′(ts))

+
∫ t
−∞

1
%(s)Ψ−1

(∫ +∞
s

q(u)g(u, x(u), x′(u))du−
∑
tj≥s

B1,jJ1(tj , x(tj), x
′(tj))

)
ds.

(2.14)

Proof. The proof is similar to that of the proof of Lemma 2.5 and is omitted.

De�ne the operator T on E by T (x, y)(t) = (T1(x, y)(t), T2(x, y)(t)) with

T1(x, y)(t) =
∑
ts<t

A0,sI0(ts, y(ts), y
′(ts))

+
∫ t
−∞

Φ−1

∫+∞
s

p(u)f(u,y(u),y′(u))du−
∑
tj≥s

A1,jI1(tj ,y(tj),y
′(tj))


ρ(s) ds,

(2.15)

and

T2(x, y)(t) =
∑
ts<t

B0,sJ0(ts, x(ts), x
′(ts))

+
∫ t
−∞

Ψ−1

∫+∞
s

q(u)g(u,x(u),x′(u))du−
∑
tj≥s

B1,jJ1(tj ,x(tj),x
′(tj))


%(s) ds.

(2.16)

Lemma 2.7. The following results hold:

(i) T : E → E is well de�ned.

(ii) (x, y) ∈ E is a solution of BVP(1.5) if and only if (x, y) is a �xed point of T in E.

(iii) T : E → E is completely continuous.
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Proof. From Lemma 2.2, E is a Banach space. From Lemma 2.5 and Lemma 2.6, we know that

(i) and (ii) hold. Note Lemma 2.3 and Lemma 2.4, the proof of (iii) is similar to that of the proof

of Lemma 2.4 in [32] and is omitted.

3 Main Theorems

In this section, the main results on the existence of solutions of BVP(1.5) are established. To

establish the �rst result, we need the following assumption:

(A) There exist nonnegative constants A1,j ≥ 0, B1,j ≥ 0(j = 0, 1, · · · ,m), ai,j ≥ 0, bi,j ≥
0(i = 1, 2, j = 0, 1, · · · ,m), and τi,j , σi,j ≥ 0(i = 1, 2, j = 1, 2, · · · ,m) satisfying

∣∣∣f (t, τ0(t)u, Ψ−1(τ1(t))
%(t) v

)∣∣∣ ≤ Φ

(
A1,0 +

m∑
j=1

A1,j |u|τ1,j |v|σ1,j

)
, u, v ∈ R, a.e. t ∈ R,

∣∣∣g (t, σ0(t)u, Φ−1(σ1(t))
ρ(t) v

)∣∣∣ ≤ Ψ

(
B1,0 +

m∑
j=1

B1,j |u|τ2,j |v|σ2,j

)
, u, v ∈ R, a.e. t ∈ R,

∣∣∣I0 (ts, τ0(ts)u,
Ψ−1(τ1(ts))

%(ts)
v
)∣∣∣ ≤ a1,0 +

m∑
j=1

a1,j |u|τ1,j |v|σ1,j , u, v ∈ R, s ∈ Z,

∣∣∣J0

(
ts, σ0(ts)u,

Φ−1(σ1(ts))
ρ(ts)

v
)∣∣∣ ≤ b1,0 +

m∑
j=1

b1,j |u|τ2,j |v|σ2,j , u, v ∈ R, s ∈ Z,

∣∣∣I1 (ts, τ0(ts)u,
Ψ−1(τ1(ts))

%(ts)
v
)∣∣∣ ≤ Φ

(
a2,0 +

m∑
j=1

a2,j |u|τ1,j |v|σ1,j

)
, u, v ∈ R, s ∈ Z,

∣∣∣J1

(
ts, σ0(ts)u,

Φ−1(σ1(ts))
ρ(ts)

v
)∣∣∣ ≤ Ψ

(
b2,0 +

m∑
j=1

b2,j |u|τ2,j |v|σ2,j

)
, u, v ∈ R, s ∈ Z.

We denote

σ = max{τ1,j + σ1,j , τ2,j + σ2,j : j = 1, 2, · · · ,m},

A1 = sup
s∈Z

∑s
j=−∞ A0,s

1+
∫ ts
−∞

du
ρ(u)

,

B1 = sup
t∈R

σq1
1+
∫ t
−∞

du
ρ(u)

∫ t
−∞

Φ−1(
∫+∞
s

p(u)du)
ρ(s) ds,

C1 = sup
t∈R

σq1
1+
∫ t
−∞

du
ρ(u)

∫ t
−∞

Φ−1
(∑

tj≥s
A1,j

)
ρ(s) ds,
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D1 = σq1 sup
t∈R

Φ−1
( ∫+∞

t
p(u)du

1+
∫+∞
t

p(s)ds

)
,

E1 = σq1 sup
s∈Z

Φ−1

( ∑+∞
j=s+1 A1,j

1+
∫+∞
tj+1

p(s)ds

)
,

P1 = A1a1,0 + (B1 +D1)A1,0 + (C1 + E1)a2,0,

Q1
i = A1a1,i + (B1 +D1)A1,i + (C1 + E1)a2,i, i = 1, 2, · · · ,m

and

A2 = sup
s∈Z

∑s
j=−∞ B0,s

1+
∫ ts
−∞

du
%(u)

,

B2 = sup
t∈R

σq2
1+
∫ t
−∞

du
%(u)

∫ t
−∞

Ψ−1(
∫+∞
s

q(u)du)
%(s) ds,

C2 = sup
t∈R

σq2
1+
∫ t
−∞

du
%(u)

∫ t
−∞

Ψ−1
(∑

tj≥s
B1,j

)
%(s) ds,

D2 = σq2 sup
t∈R

Ψ−1
( ∫+∞

t
q(u)du

1+
∫+∞
t

q(s)ds

)
,

E2 = σq2 sup
s∈Z

Ψ−1

( ∑+∞
j=s+1 B1,j

1+
∫+∞
tj+1

q(s)ds

)
,

P2 = A2a2,0 + (B2 +D2)B1,0 + (C2 + E2)b2,0,

Q2
i = A2a2,i + (B2 +D2)B1,i + (C2 + E2)b2,i, i = 1, 2, · · · ,m,

A = max{P1, P2},

B = max

{
m∑
i=1

Q1
i ,

m∑
i=1

Q2
i

}
.

Theorem 3.1. Suppose that (a)-(g) and (A) hold and
∫ t
−∞

Φ−1(σ1(s))
ρ(s) ds and

∫ t
−∞

Ψ−1(τ1(s))
%(s) ds

are convergent. Then BVP(1.5) has at least one positive solution if

(i) σ ∈ (0, 1) or

(ii) σ = 1 and B < 1 or

(iii) σ > 1 and B(A+B)σ−1 ≤ (σ−1)σ−1

σσ .

Proof. We will apply Lemma 2.1 to show the results. Let X,Y,E and T be de�ned in section 2.
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From Lemma 2.7, T : E → E is a completely continuous operator and (x, y) ∈ E is a solution of

BVP(1.5) if and only if (x, y) is a �xed point of T in E.

For (x, y) ∈ E, we have

||(x, y)|| = max

{
sup
t∈R

|x(t)|
σ0(t) , sup

t∈R

ρ(t)|x′(t)|
Φ−1(σ1(t)) , sup

t∈R

|y(t)|
τ0(t) , sup

t∈R

%(t)|y′(t)|
Ψ−1(τ1(t))

}
= r < +∞.

So

|f(t, y(t), y′(t))| =
∣∣∣f (t, τ0(t) y(t)

τ0(t) ,
Ψ−1(τ1(t))

%(t)
%(t)y′(t)

Ψ−1(τ1(t))

)∣∣∣
≤ Φ

(
A1,0 +

m∑
j=1

A1,j

∣∣∣ y(t)
τ0(t)

∣∣∣τ1,j ∣∣∣ %(t)y′(t)
Ψ−1(τ1(t))

∣∣∣σ1,j

)

≤ Φ

(
A1,0 +

m∑
j=1

A1,j ||y||τ1,j+σ1,j

)
, a.e. t ∈ R,

|g (t, x(t), x′(t))| ≤ Ψ

(
B1,0 +

m∑
j=1

B1,j ||x||τ2,j+σ2,j

)
, a.e. t ∈ R,

|I0 (ts, y(ts), y
′(ts))| ≤ a1,0 +

m∑
j=1

a1,j ||y||τ1,j+σ1,j , s ∈ Z,

|J0 (ts, x(ts), x
′(ts))| ≤ b1,0 +

m∑
j=1

b1,j ||x||τ2,j+σ2,j , s ∈ Z,

|I1 (ts, y(ts), y
′(ts))| ≤ Φ

(
a2,0 +

m∑
j=1

a2,j ||y||τ1,j+σ1,j

)
, s ∈ Z,

|J1 (ts, x(ts), x
′(ts))| ≤ Ψ

(
b2,0 +

m∑
j=1

b2,j ||x||τ2,j+σ2,j

)
, s ∈ Z.

One knows that

φp(u+ v) ≤ σp[φp(u) + φp(v)], u, v ≥ 0 with σp =

{
1, 1 < p < 2,

2p−1, p ≥ 2.

Then (2.15) implies for t ∈ (ts, ts+1] that

|T1(x,y)(t)|
σ0(t) ≤ 1

σ0(t)

∑
ts<t

A0,s|I0(ts, y(ts), y
′(ts))|

+ 1
σ0(t)

∫ t
−∞

1
ρ(s)Φ−1

(∫ +∞
s

p(u)|f(u, y(u), y′(u))|du+
∑
tj≥s

A1,j |I1(tj , y(tj), y
′(tj))|

)
ds
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≤
∑s
j=−∞ A0,s

1+
∫ ts
−∞

du
ρ(u)

(
a1,0 +

m∑
i=1

a1,i||y||τ1,i+σ1,i

)

+
σq

1+
∫ t
−∞

du
ρ(u)

∫ t
−∞

Φ−1(
∫+∞
s

p(u)du)
ρ(s) ds

(
A1,0 +

m∑
i=1

A1,i||y||τ1,i+σ1,i

)

+
σq

1+
∫ t
−∞

du
ρ(u)

∫ t
−∞

Φ−1
(∑

tj≥s
A1,j

)
ρ(s) ds

(
a2,0 +

m∑
i=1

a2,i||y||τ1,i+σ1,i

)

≤ A1

(
a1,0 +

m∑
i=1

a1,i||(x, y)||τ1,i+σ1,i

)
+B1

(
A1,0 +

m∑
i=1

A1,i||(x, y)||τ1,i+σ1,i

)

+C1

(
a2,0 +

m∑
i=1

a2,i||(x, y)||τ1,i+σ1,i

)

≤ P1 +
m∑
i=1

Q1
i ||(x, y)||τ1,i+σ1,i .

On the other hand, we have for t ∈ (ts, ts+1] that

ρ(t)|(T1(x,y))′(t)|
Φ−1(σ1(t))

≤ 1
Φ−1(σ1(t))Φ−1

(∫ +∞
t

p(u)|f(u, y(u), y′(u))|du+
∑
tj≥t

A1,j |I1(tj , y(tj), y
′(tj))|

)

≤ Φ−1

( ∫+∞
t

p(u)du

1+
∫+∞
t

p(s)ds
Φ

(
A1,0 +

m∑
j=1

A1,j ||y||τ1,j+σ1,j

)

+
∑+∞
j=s+1 A1,j

1+
∫+∞
t

p(s)ds
Φ

(
a2,0 +

m∑
j=1

a2,j ||y||τ1,j+σ1,j

))

≤ σqΦ−1
( ∫+∞

t
p(u)du

1+
∫+∞
t

p(s)ds

)(
A1,0 +

m∑
j=1

A1,j ||y||τ1,j+σ1,j

)

+σqΦ
−1

( ∑+∞
j=s+1 A1,j

1+
∫+∞
tj+1

p(s)ds

)(
a2,0 +

m∑
j=1

a2,j ||y||τ1,j+σ1,j

)

≤ D1

(
A1,0 +

m∑
i=1

A1,i||y||τ1,i+σ1,i

)
+ E1

(
a2,0 +

m∑
i=1

a2,i||y||τ1,i+σ1,i

)

≤ P1 +
m∑
i=1

Q1
i ||(x, y)||τ1,i+σ1,i .
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It follows that

sup
t∈R
|T1(x, y)(t)| ≤ P1 +

m∑
i=1

Q1
i ||(x, y)||τ1,i+σ1,i . (3.17)

Similarly we get

sup
t∈R
|T2(x, y)(t)| ≤ P2 +

m∑
i=1

Q2
i ||(x, y)||τ1,i+σ1,i . (3.18)

It follows from (3.17) and (3.18) that

||(T1(x, y), T2(x, y))|| ≤ A+Bmax{||(x, y)||σ, 1} ≤ A+B +B||(x, y)||σ.

(i) σ ∈ (0, 1).

Since σ ∈ (0, 1), change r0 > 0 such that A + B + Brσ0 ≤ r0. Let Ω0 = {(x, y) ∈ X × Y :

||(x, y)|| ≤ r0}. Then we get

||(T1(x, y), T2(x, y))|| ≤ A+B +Brσ0 ≤ r0.

So TΩ0 ⊂ Ω0. Thus Lemma 2.1 implies that the operator T has at least one �xed point in

Ω0. So BVP(1.5) has at least one solution.

(ii) σ = 1 and B < 1.

Let r0 = A+B
1−B such that A+B +Br0 = r0. Let Ω0 = {(x, y) ∈ X × Y : ||(x, y)|| ≤ r0}. Then

we get

||T1(x, y), T2(x, y)|| ≤ A+B +Br0 ≤ r0.

So TΩ0 ⊂ Ω0. Thus Lemma 2.1 implies that the operator T has at least one �xed point in

Ω0. So BVP(1.5) has at least one solution.

(iii) σ > 1 and B(A+B)σ−1 ≤ (σ−1)σ−1

σσ .

Let r0 =
(

A+B
B(σ−1)

) 1
σ

. It is easy to show from (A+B)σ−1σσ

(σ−1)σ−1 ≤ 1
B that A + B + Brσ0 ≤ r0. Let

Ω0 = {(x, y) ∈ X × Y : ||(x, y)|| ≤ r0}. Then we get

||(T1(x, y), T2(x, y))|| ≤ A+B +Brσ0 ≤ r0.

So TΩ0 ⊂ Ω0. Thus Lemma 2.1 implies that the operator T has at least one �xed point (x, y)

in Ω0. So BVP(1.5) has at least one solution (x, y).

Since I0, J0, f, g are nonnegative functions and I1, J1 are non-positive functions, we know

by the de�nition of T1, T2 that (x, y) is a nonnegative solution of BVP(1.5). Furthermore, if

there exists t ∈ R such that [x(t)]2 + [y(t)]2 = 0, suppose that t ∈ (ts, ts+1] for some s ∈ Z,
from [Φ(ρ(t)x′(t))]′ = −p(t)f(t, y(t), y′(t)) ≤ 0 and [Ψ(%(t)y′(t))]′ = −q(t)g(t, x(t), x′(t)) ≤ 0,

I1, J1 are non-positive, we have ρ(t)x′(t) and %(t)y′(t) is nonincreasing on R. From the bound-

ary conditions in (1.5), we have ρ(t)x′(t) and %(t)y′(t) are nonnegative on R. Since I0, J0

are nonnegative and x, y are nondecreasing on R, we have x(t) ≡ y(t) ≡ 0 on (ts, t]. Then

p(t)f(t, 0, 0) = q(t)g(t, 0, 0) = 0 on (ts, t], a contradiction to (d). Thus (x, y) is a positive solution

of BVP(1.5).
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Theorem 3.2. Suppose that (a)-(g) hold and there exist non-decreasing functions MI0 ,MJ0
,MI1

and MJ1 ,Mf ,Mg : R3 → [0,+∞) such that

∣∣∣f (t, τ0(t)u, Ψ−1(τ1(t))
%(t) v

)∣∣∣ ≤Mf (|u|, |v|), u, v ∈ R, a.e. t ∈ R,

∣∣∣g (t, σ0(t)u, Φ−1(σ1(t))
ρ(t) v

)∣∣∣ ≤Mg(|u|, |v|), u, v ∈ R, a.e. t ∈ R,

∣∣∣I0 (ts, τ0(ts)u,
Ψ−1(τ1(ts))

%(ts)
v
)∣∣∣ ≤MI0(|u|, |v|), u, v ∈ R, s ∈ Z,

∣∣∣J0

(
ts, σ0(ts)u,

Φ−1(σ1(ts))
ρ(ts)

v
)∣∣∣ ≤MJ0

(|u|, |v|), u, v ∈ R, s ∈ Z,

∣∣∣I1 (ts, τ0(ts)u,
Ψ−1(τ1(ts))

%(ts)
v
)∣∣∣ ≤MI1(|u|, |v|), u, v ∈ R, s ∈ Z,

∣∣∣J1

(
ts, σ0(ts)u,

Φ−1(σ1(ts))
ρ(ts)

v
)∣∣∣ ≤MJ1

(|u|, |v|), u, v ∈ R, s ∈ Z.

Then BVP(1.5) has at least one positive solution if

lim
r→+∞

1
r

MJ0(r, r)
+∞∑
s=−∞

B0,s +

(
1 + sup

t∈R

∫ t
−∞

Ψ−1(τ1(s))

%(s)
ds

τ0(t)

)
sup
k∈Z

+∞∑
s=k+1

B1,s

1+
∫+∞
tk+1

q(s)ds
MJ (r, r)

+

(
1 + sup

t∈R

∫ t
−∞

Ψ−1(τ1(s))

%(s)
ds

τ0(t)

)
Mg (r, r)

]
< 1,

(3.19)

and

lim
r→+∞

1
r

MI0(r, r)
+∞∑
s=−∞

A0,s +

(
1 + sup

t∈R

∫ t
−∞

Φ−1(σ1(s))

ρ(s)
ds

σ0(t)

)
sup
k∈Z

∞∑
s=k+1

A1,s

1+
∫+∞
tk+1

p(s)ds
MI (r, r)

+

(
1 + sup

t∈R

∫ t
−∞

Φ−1(σ1(s))

ρ(s)
ds

σ0(t)

)
Mf (r, r)

]
< 1.

(3.20)

Proof. Consider the set Ω = {(x, y) ∈ X × Y : (x, y) = λT (x, y), λ ∈ [0, 1]}. For (x, y) ∈ Ω, we
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have by the de�nition of T

[Φ(ρ(t)x′(t))]′ + λp(t)f(t, y(t), y′(t)) = 0, a.e. t ∈ R,

[Ψ(%(t)y′(t))]′ + λq(t)g(t, x(t), x′(t)) = 0, a.e. t ∈ R,

lim
t→−∞

x(t) = 0, lim
t→+∞

ρ(t)x′(t) = 0,

lim
t→−∞

y(t) = 0, lim
t→+∞

%(t)y′(t) = 0,

∆x(ts) = λA0,sI0(ts, y(ts), y
′(ts)), ∆Φ(ρ(ts)x

′(ts)) = λA1,sI1(ts, y(ts), y
′(ts)), s ∈ Z,

∆y(ts) = λB0,sJ0(ts, x(ts), x
′(ts)), ∆Ψ(%(ts)y

′(ts)) = λB1,sJ1(ts, x(ts), x
′(ts)), s ∈ Z.

From the assumption, we have

|f (t, y(t), y′(t))| ≤Mf (||y||, ||y||), a.e. t ∈ R,

|g (t, x(t), x′(t))| ≤Mg(||x||, ||x||), a.e. t ∈ R,

|I0 (ts, y(ts), y
′(ts))| ≤MI0(||y||, ||y||), s ∈ Z,

|J0 (ts, x(ts), x
′(ts))| ≤MJ0(||x||, ||x||), s ∈ Z,

|I1 (ts, y(ts), y
′(ts))| ≤MI1(||y||, ||y||), s ∈ Z,

|J1 (ts, x(ts), x
′(ts))| ≤MJ1

(||x||, ||x||), s ∈ Z.

Then
|x(t)|
σ0(t) = 1

σ0(t)

∣∣∣∫ t−∞ x′(s)ds
∣∣∣+

∣∣∣∣ ∑
ts<t

λA0,sI0(ts, y(ts), y
′(ts))

∣∣∣∣
≤ 1

σ0(t)

∫ t
−∞

Φ−1(σ1(s))
ρ(s)

ρ(s)|x′(s)|
Φ−1(σ1(s))ds+

∑
ts<t

A0,s |I0(ts, y(ts), y
′(ts))|

≤ 1
σ0(t)

∫ t
−∞

Φ−1(σ1(s))
ρ(s) ds sup

t∈R

ρ(t)|x′(t)|
Φ−1(σ1(t)) +

∑
ts<t

A0,sMI0

(
|y(ts)|
τ0(ts)

, %(ts)|y
′(ts)|

Ψ−1(τ1(ts))

)
≤ 1

σ0(t)

∫ t
−∞

Φ−1(σ1(s))
ρ(s) ds sup

t∈R

ρ(t)|x′(t)|
Φ−1(σ1(t)) +

∑
ts<t

A0,sMI0 (||y||, ||y||) .

Since lim
t→−∞

σ0(t) = 0 and lim
t→+∞

σ0(t) = +∞, we have

lim
t→+∞

1
σ0(t)

∫ t
−∞

Φ−1(σ1(s))
ρ(s) ds = lim

t→+∞
Φ−1(σ1(t)) = 1.
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Then
|x(t)|
σ0(t) ≤ sup

t∈R

∫ t
−∞

Φ−1(σ1(s))

ρ(s)
ds

σ0(t) sup
t∈R

ρ(t)|x′(t)|
Φ−1(σ1(t)) +MI0(||y||, ||y||)

+∞∑
s=−∞

A0,s.

Similarly we have

|y(t)|
τ0(t) ≤ sup

t∈R

∫ t
−∞

Ψ−1(τ1(s))

%(s)
ds

τ0(t) sup
t∈R

%(t)|y′(t)|
Ψ−1(τ1(t)) +MJ0

(||y||, ||y||)
+∞∑
s=−∞

A1,s.

On the other hand, we have for t ∈ (tk, tk+1]

|Φ(ρ(t)x′(t))|
σ1(t) = Φ

(
ρ(t)|x′(t)|
Φ−1(σ1(t))

)
≤ 1

σ1(t)

∑
ts≥t
|∆[Φ(ρ(ts)x

′(ts))]|+ 1
σ1(t)

∫ +∞
t
|p(s)||f(s, y(s), y′(s))|ds

≤ 1
σ1(t)

∑
ts≥t

A1,s|I1(ts, y(ts), y
′(ts))|+ 1

σ1(t)

∫ +∞
t
|p(s)||f(s, y(s), y′(s))|ds

≤ 1
1+
∫+∞
tk+1

p(s)ds

+∞∑
s=k+1

A1,sMI1

(
|y(ts)|
τ0(ts)

, %(ts)|y
′(ts)|

Ψ−1(τ1(ts))

)
+ 1

σ1(t)

∫ +∞
t
|p(s)|Mf

(
|y(s)|
τ0(s) ,

%(s)|y′(s)|
Ψ−1(τ1(s))

)
ds

≤ 1
1+
∫+∞
tk+1

p(s)ds

+∞∑
s=k+1

A1,sMI1 (||y||, ||y||) + 1
σ1(t)

∫ +∞
t
|p(s)|Mf (||y||, ||y||) ds

≤ sup
k∈Z

+∞∑
s=k+1

A1,s

1+
∫+∞
tk+1

p(s)ds
MI (||y||, ||y||) +Mf (||y||, ||y||) .

It follows that

|x(t)|
σ0(t) ≤ sup

t∈R

∫ t
−∞

Φ−1(σ1(s))

ρ(s)
ds

σ0(t) sup
k∈Z

+∞∑
s=k+1

A1,s

1+
∫+∞
tk+1

p(s)ds
MI (||y||, ||y||) +MI0(||y||, ||y||)

+∞∑
s=−∞

A0,s

+ sup
t∈R

∫ t
−∞

Φ−1(σ1(s))

ρ(s)
ds

σ0(t) Mf (||y||, ||y||) .

Hence

||x|| = max

{
sup
t∈R

|x(t)|
σ0(t) , sup

t∈R

|Φ(ρ(t)x′(t))|
σ1(t)

}

≤MI0(||y||, ||y||)
+∞∑
s=−∞

A0,s +

[
1 + sup

t∈R

∫ t
−∞

Φ−1(σ1(s))

ρ(s)
ds

σ0(t)

]
sup
k∈Z

+∞∑
s=k+1

A1,s

1+
∫+∞
tk+1

p(s)ds
MI (||y||, ||y||)

+

[
1 + sup

t∈R

∫ t
−∞

Φ−1(σ1(s))

ρ(s)
ds

σ0(t)

]
Mf (||y||, ||y||) .
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Similarly we have

||y|| ≤MJ0
(||x||, ||x||)

+∞∑
s=−∞

B0,s +

[
1 + sup

t∈R

∫ t
−∞

Ψ−1(τ1(s))

%(s)
ds

τ0(t)

]
sup
k∈Z

+∞∑
s=k+1

B1,s

1+
∫+∞
tk+1

q(s)ds
MJ (||x||, ||x||)

+

[
1 + sup

t∈R

∫ t
−∞

Ψ−1(τ1(s))

%(s)
ds

τ0(t)

]
Mg (||x||, ||x||) .

Case 1. If ||x|| ≤ ||y||, then

||y|| ≤MJ0(||y||, ||y||)
+∞∑
s=−∞

B0,s +

[
1 + sup

t∈R

∫ t
−∞

Ψ−1(τ1(s))

%(s)
ds

τ0(t)

]
sup
k∈Z

+∞∑
s=k+1

B1,s

1+
∫+∞
tk+1

q(s)ds
MJ (||y||, ||y||)

+

[
1 + sup

t∈R

∫ t
−∞

Ψ−1(τ1(s))

%(s)
ds

τ0(t)

]
Mg (||y||, ||y||) .

From (3.19), then there exists M > 0 such that ||y|| ≤M . So

||x|| ≤MI0(M,M)
+∞∑
s=−∞

A0,s +

[
1 + sup

t∈R

∫ t
−∞

Φ−1(σ1(s))

ρ(s)
ds

σ0(t)

]
sup
k∈Z

+∞∑
s=k+1

A1,s

1+
∫+∞
tk+1

p(s)ds
MI (M,M)

+

[
1 + sup

t∈R

∫ t
−∞

Φ−1(σ1(s))

ρ(s)
ds

σ0(t)

]
Mf (M,M) .

Then Ω = {(x, y) ∈ X × Y : (x, y) = λT (x, y), λ ∈ [0, 1]} is bounded. Hence Schaufer's �xed

point theorem implies that T has a �xed point (x, y). Similarly to Theorem 3.1, we can prove

that (x, y) is a positive solution of BVP(1.5).

Case 2. If ||y|| ≤ ||x||, then

||x|| ≤MI0(||x||, ||x||)
+∞∑
s=−∞

A0,s +

[
1 + sup

t∈R

∫ t
−∞

Φ−1(σ1(s))

ρ(s)
ds

σ0(t)

]
sup
k∈Z

∞∑
s=k+1

A1,s

1+
∫+∞
tk+1

p(s)ds
MI (||x||, ||x||)

+

[
1 + sup

t∈R

∫ t
−∞

Φ−1(σ1(s))

ρ(s)
ds

σ0(t)

]
Mf (||x||, ||x||) .

From (3.20), then there exists M > 0 such that ||x|| ≤M . So

||y|| ≤MJ0
(M,M)

+∞∑
s=−∞

B0,s +

[
1 + sup

t∈R

∫ t
−∞

Ψ−1(τ1(s))

%(s)
ds

τ0(t)

]
sup
k∈Z

+∞∑
s=k+1

B1,s

1+
∫+∞
tk+1

q(s)ds
MJ (M,M)

+

[
1 + sup

t∈R

∫ t
−∞

Ψ−1(τ1(s))

%(s)
ds

τ0(t)

]
Mg (M,M) .
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Then Ω = {(x, y) ∈ X × Y : (x, y) = λT (x, y), λ ∈ [0, 1]} is bounded. Hence Schaufer's �xed
point theorem implies that T has a �xed point (x, y). Similarly to Theorem 3.1, we can prove

that (x, y) is a positive solution of BVP(1.5).

4 An example

In this section, we present an example to illustrate the main theorems.

Example 4.1. Consider the following problem consisting of the di�erential equations

[(e−tx′(t))3]′ + e−2t

(
A1,0 +A1,1

(
y(t)

1+ 1
2 e

2t

)τ1,1 ( e2ty′(t)
5
√

1+ 1
2 e
−2t

)σ1,1
)3

= 0, a.e. t ∈ R,

[(e−2ty′(t))5]′ + e−2t

(
B1,0 +B1,1

(
x(t)
1+et

)τ2,1 ( etx′(t)
3
√

1+ 1
2 e
−2t

)σ2,1
)5

= 0, a.e. t ∈ R

(4.21)

the boundary conditions

lim
t→−∞

x(t) = 0, lim
t→+∞

etx′(t) = 0, lim
t→−∞

y(t) = 0, lim
t→+∞

e2ty′(t) = 0, (4.22)

and the impulse e�ects

∆x(s) = 2s
[
a1,0 + a1,1

(
y(s)

1+ 1
2 e

2s

)τ1,1 ( e−2sy′(s)
5
√

1+ 1
2 e
−2s

)σ1,1
]
,

∆(e−sx′(s))3 = 2−s
(
a2,0 + a2,1

(
y(s)

1+ 1
2 e

2s

)τ1,1 ( e−2sy′(s)
5
√

1+ 1
2 e
−2s

)σ1,1
)3

, s ∈ Z,

∆y(s) = 3s
[
b1,0 + b1,1

(
x(s)
1+es

)τ2,1 ( e−sx′(s)
3
√

1+ 1
2 e
−2s

)σ2,1
]
,

∆(e−2sy′(s))5 = 3−s
(
b2,0 + b2,1

(
x(s)
1+es

)τ2,1 ( e−sx′(s)
3
√

1+ 1
2 e
−2s

)σ2,1
)5

, s ∈ Z.

(4.23)

Corresponding to BVP(1.5), we �nd that

ts = s, s ∈ Z, (e) holds,

Φ(x) = x3, Ψ(x) = x5, Φ−1(x) = x
1
3 , Ψ−1(x) = x

1
5 ,

with p1 = 3, p2 = 5, q1 = 3
2 , q2 = 5

4 , (c) holds,

ρ(t) = e−t, %(t) = e−2t, p(t) = e−2t, q(t) = e−2t, (a) and (b) hold,

A0,s = 2s, B0,s = 3s, A1,s = 2−s, B1,s = 3−s, s ∈ Z, (g) holds,
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σ0(t) = 1 + et, σ1(t) = 1 + 1
3e
−3t,

τ0(t) = 1 + 1
2e

2t, τ1(t) = 1 + 1
2e
−2t,

f (t, u, v) =

(
A1,0 +A1,1

(
|u|

1+ 1
2 e

2t

)τ1,1 ( e2t|v|
5
√

1+ 1
2 e
−2t

)σ1,1
)3

,

g (t, u, v) =

(
B1,0 +B1,1

(
|u|

1+et

)τ2,1 ( et|v|
3
√

1+ 1
3 e
−3t

)σ2,1
)5

,

I0 (ts, u, v) = a1,0 + a1,1

(
|u|

1+ 1
2 e

2ts

)τ1,1 ( e2ts |v|
5
√

1+ 1
2 e
−2ts

)σ1,1

,

J0 (ts, u, v) = b1,0 + b1,1

(
|u|

1+ets

)τ2,1 ( ets |v|
3
√

1+ 1
2 e
−2ts

)σ2,1

,

I1 (ts, u, v) = −
(
a2,0 + a2,1

(
|u|

1+ 1
2 e

2ts

)τ1,1 ( e2ts |v|
5
√

1+ 1
2 e
−2ts

)σ1,1
)3

,

J1 (ts, u, v) = −
(
b2,0 + b2,1

(
|u|

1+ets

)τ2,1 ( ets |v|
3
√

1+ 1
2 e
−2ts

)σ2,1
)5

.

One sees that ∣∣∣f (t, τ0(t)u, Ψ−1(τ1(t))
%(t) v

)∣∣∣ ≤ (A1,0 +A1,1|u|τ1,1 |v|σ1,1)
3
,

∣∣∣g (t, σ0(t)u, Φ−1(σ1(t))
ρ(t) v

)∣∣∣ ≤ (B1,0 +B1,1|u|τ2,1 |v|σ2,1)
5
,

∣∣∣I0 (ts, τ0(ts)u,
Ψ−1(τ1(ts))

%(ts)
v
)∣∣∣ ≤ a1,0 + a1,1|u|τ1,1 |v|σ1,1 ,

∣∣∣J0

(
ts, σ0(ts)u,

Φ−1(σ1(ts))
ρ(ts)

v
)∣∣∣ ≤ b1,0 + b1,1|u|τ2,1 |v|σ2,1 ,

∣∣∣I1 (ts, τ0(ts)u,
Ψ−1(τ1(ts))

%(ts)
v
)∣∣∣ ≤ (a2,0 + a2,1|u|τ1,1 |v|σ1,1)

3
,

∣∣∣J1

(
ts, σ0(ts)u,

Φ−1(σ1(ts))
ρ(ts)

v
)∣∣∣ ≤ (b2,0 + b2,1|u|τ2,1 |v|σ2,1)

5
.

One sees that (d), (f) and (A) hold. By direct computation, we get

σ = max{τ1,1 + σ1,1, τ2,1 + σ2,1},

A1 = sup
s∈Z

∑s
j=−∞ 2j

1+es = sup
s∈Z

2s+1

1+es < 2,
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B1 = 3
3√2

sup
t∈R

e
1
3
t

1+et <
3
3√2
,

C1 = sup
t∈R

1
1+et

∫ t
−∞

3
√∑+∞

j=s 2−j

e−s ds =
3√2

1−ln 3√2
sup
t∈R

(
e
3√2

)t
1+et <

3√2
1−ln 3√2

,

D1 = sup
t∈R

3

√ ∫+∞
t

p(u)du

1+
∫+∞
t

p(s)ds
< 1,

E1 = sup
s∈Z

3

√ ∑+∞
j=s+1 2−j

1+
∫+∞
s+1

e−2sds
= sup

s∈Z
3

√
2−s

1+ 1
2 e
−2(s+1) < 2,

P1 < 2a1,0 +
(

1 + 3
3√2

)
A1,0 +

(
2 +

3√2
1−ln 3√2

)
a2,0 < 2a1,0 + 3.4A1,0 + 3.7a2,0,

Q1
1 < 2a1,1 +

(
1 + 3

3√2

)
A1,1 +

(
2 +

3√2
1−ln 3√2

)
a2,1 < 2a1,1 + 3.4A1,1 + 3.7a2,1,

and

A2 = sup
s∈Z

∑s
j=−∞ 3j

1+ 1
2 e

2s = sup
s∈Z

3
2 3s

1+ 1
2 e

2s < 3,

B2 = 5
8 5√2

sup
t∈R

e
8
5
t

1+ 1
2 e

2t <
5

4 5√2
,

C2 = sup
t∈R

1
1+ 1

2 e
2t

∫ t
−∞

5
√∑+∞

j=s 3−j

e−2s ds =
5
√

3
2

2−ln 5√3
sup
t∈R

(
e2

5√3

)t
1+ 1

2 e
2t <

2 5
√

3
2

2−ln 5√3
,

D2 = sup
t∈R

Ψ−1
( ∫+∞

t
q(u)du

1+
∫+∞
t

q(s)ds

)
< 1,

E2 = sup
s∈Z

5

√
3
2 3−s−1

1+ 1
2 e
−2(s+1) < 3,

P2 < 3a2,0 +
(

1 + 5
4 5√2

)
B1,0 +

(
2 5
√

3
2

2−ln 5√3
+ 3

)
b2,0 < 3a2,0 + 2.1B1,0 + 4.3b2,0,

Q2
1 < 3a2,1 +

(
1 + 5

4 5√2

)
B1,1 +

(
2 5
√

3
2

2−ln 5√3
+ 3

)
b2,1 < 3a2,1 + 2.1B1,1 + 4.3b2,1,

A = max{P1, P2} < 2a1,0 + 3.4A1,0 + 3.7a2,0 + 3a2,0 + 2.1B1,0 + 4.3b2,0,

B = max
{
Q1

1, Q
2
1

}
< 2a1,1 + 3.4A1,1 + 3.7a2,1 + 3a2,1 + 2.1B1,1 + 4.3b2,1.

By Theorem 3.1, then BVP(4.19)-(4.21) has at least one positive solution if
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(i) σ ∈ (0, 1) or

(ii) σ = 1 and 2a1,1 + 3.4A1,1 + 3.7a2,1 + 3a2,1 + 2.1B1,1 + 4.3b2,1 < 1 or

(iii) σ > 1 and 2a1,1 + 3.4A1,1 + 3.7a2,1 + 3a2,1 + 2.1B1,1 + 4.3b2,1(2a1,0 + 3.4A1,0 + 3.7a2,0 +

3a2,0 +2.1B1,0 +4.3b2,0 +2a1,1 +3.4A1,1 +3.7a2,1 +3a2,1 +2.1B1,1 +4.3b2,1)σ−1 ≤ (σ−1)σ−1

σσ .

Remark 4.1. Similarly to Theorem 3.1 in [32], we can establish existence result of solutions

for BVP(1.5) under the assumptions that both p(t)f(t, u, v) and q(t)g(t, u, v) are Carathédory

functions. Since both e−2t is not measurable on R, we know that both t → e−2tf(t, u, v) and

t → e−2tg(t, u, v) are not Carathéodory functions. Then this kind of similar result can not be

applied to solve Example 4.1.
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